ABSTRACT. Let G be a locally compact group acting ergodically on Y. We introduce the notion of an action of this group action and study the notions of induced group actions, ergodicity, and fibered product extensions in this context. We also characterize fibered skew product actions built over a cocycle.
is given by the multiplication preserving map I defined on H\ G X G by (x, g) ~ y(x)gy(x . g)-l, where y is a Borel map on H\ G into G satisfying Hy(x) = x. If, in addition, y(H) = e, the map i from H\ G X G into G sending (x, g) to g factors through I.
H Hence thinking of I as an "identification" corresponds the map i to the inclusion map of H into G. Thus, in this case, the" virtual subgroup" of G defined by the ergodic action is a conjugacy class of closed subgroups, and one sees the virtual subgroup actually is a subgroup.
In the second case one cannot find a conjugacy class of closed subgroups, but one can still define the measure groupoid (X X G, J! X m) and the map i sending (x, g) to g. This measure groupoid is said to define a virtual subgroup of G, and the function i is called the inclusion. Hence the ergodic actions of G determine the virtual subgroups of G. Two ergodic actions define the same virtual subgroup of G if the actions are essentially isomorphic.
Suppose (X X G, J! X m) and (Y X G, v X m) are virtual subgroups of G. Then X and Yare ergodic G spaces. X X G is said to be a subvirtual subgroup of the virtual subgroup Y X G if X is an extension of the G space Y. Moreover, if p is an extension, that is, an equivariant Borel mapping from X into Y satisfying P*J! == J! 0 p-1 -v, then the map (x, g) ~ (px, g) is called the inclusion of X X G in Y X G. Thus ergodic extensions of ergodic group actions correspond to inclusions between virtual subgroups.
There are several notions from the theory of locally compact groups which can be extended to the virtual subgroup setting that will play significant roles in this paper. These include the notions of group actions, homomorphisms and their restrictions and ranges, representations, and induced representations. We define these in our first section. Moreover, in §1 we develop the notion of an action of a group action and the related concepts of ergodicity and induction. We determine the relationship between this notion and that of an extension. We then study the compositions of actions and representations with homomorphisms. These are called pull backs. The pull back actions induce skew fiber product extensions. In §2 we obtain characterizations for actions and representations which are equivalent to pull backs. These allow us to obtain structure theorems for skew product fibered extensions and representations which induce trivial extensions over a homomorphism. The appendix contains some technical results used throughout this paper as well as a description of the construction of the Mackey range of a homomorphism.
The theory of virtual subgroups was begun by Mackey to treat the nonregular case in his analysis of the dual of G in terms of the action of G on the dual of N, where N is a normal subgroup. He sketched many of the ideas for this theory in [9] . These have been developed in further detail by Ramsay [13] [14] [15] [16] . In general we follow the terminology of [ · One can give an alternate definition for a G space if one first introduces the notion of a point transformation group. Suppose S is a standard Borel space with a finite measure m. Let J(S, m) be the set of all Borel isomorphisms of S which preserve the measure class of m, identified when they agree pointwise a.e. m. Give J(S, m) the Borel structure defined by convergence in measure. Then J(S, m) is a standard Borel group. In fact, the map cp --+ Lq, where Now by an action of G on (Y, v) we shall mean a Borel homomorphism a from G into J (Y, v) . Mackey in [6] showed that if one has such a homomorphism, then there exists a strict G action on (Y, v) such that y . g = a(g-l)y a.e. y for each g. In particular, any action a determines an isomorphism class of strict G actions.
We shall follow the second approach to define an action of a group action. To do this we shall need the notion of a cocycle.
Suppose (Y, v) Zimmer in [26] showed that one can induce an action of a group from an action of a closed subgroup. The same is true for a virtual subgroup. In order to facilitate the construction, we use the notion of the universal extension space over Y. This is defined to be the pair (Y X U G , py) where U G is a universal G space in the sense of Mackey and p y is the coordinate projection onto Y. There is a pointwise action of G Our correspondence between actions a of Y X G and extensions of Y in the case when the G action on (Y, p) is ergodic can be used to show the equivalence of these notions to that of an action of the measured groupoid Y X G given in [15] . Indeed, an action with quasi-invariant measure in [15] is essentially an extension of the G-space (Y, p) . If Y is not an ergodic G space, then an action of Y X G in the sense of [15] would correspond to a disjoint countable direct sum of extensions that are induced from actions of 1'; X G where 1'; are disjoint invariant Borel subsets of Y with positive measures.
Let H be a closed subgroup of G. The measure groupoid H\ G X G 'defines' a virtual subgroup of G corresponding to the actual subgroup H. The following result is not unexpected and its proof follows the ideas used in the argument for Theorem 6.13 of [15] . PROOF. Let y be a Borel selection on the coset space H \ G satisfying y( H) = e.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use then ~(h) == t/;(H, h) is an action of H on (S, m). Clearly (cp 0 1) -= cpo Hence the map t/; ~ ~ is onto. The result will follow if we show ~ 0 J is isomorphic to t/; for any action t/;, and if we show cp 0 J and cp' 0 J are isomorphic as H \ G X G actions iff cp and cp' are isomorphic H actions. Note
where A(x) = t/;(H, y(x». This shows the first statement. Now cp 0 J and cp' 0 J are isomorphic actions iff there is a Borel function A on
Let F be the set of (x, g) for which the above equation holds. F is conull and multiplicatively closed. By Lemma 5.2 of [13], there is a conull Borel subset
) is an H space and the action of
Ey is null a.e. y or Ey is conull a.e. y.
PROPOSITION 1.7. A Y X H action a on (S, m) is ergodic iff the action it induces on
PROOF. Note that there is a one-to-one correspondence between the set of G invariant Borel sets E of Y X S and Borel maps y ~ Ey E M(S, m) satisfying 
COROLLARY 1.11 (MACKEY-MoORE-ZIMMER). Let G act ergodically on (S, m). Then H acts ergodically on S iff the restriction of the
Our next topics of discussion involve the concept of a homomorphism between ergodic group actions and its Mackey range. The former is the concept of a group homomorphism in the virtual subgroup setting. Its definition is taken from [13] .
A homomorphism between a strict ergodic G space (X, JL) and a strict ergodic
) for all (x, g), and
We note that (1.6) and (1.7) just say that h: X X G -4 Y X K is multiplicative between these two groupoids. The Mackey range of h is the concept of the closure of the range of a homomorphism in the virtual group setting. 
In the appendix we show h may be redefined on a set of measure 0 so that the following hold. 
Then h*a = a 0 h defines an action of X X G called the pull back of the action a under h. The isomorphically unique G action on X X S induced by h *a is denoted by X X h S and is called the fibered skew product extension of X over h with the K space induced by a.
There is an alternate definition of a fibered skew product extension which is equivalent to the one just given in which the action is skew and defined over a fibered product.
In fact, suppose h = (p, </» is a homomorphism from the ergodic G space 6 Ay may be redefined on a set of measure 0 so that
where ex is the point mass at x. We show this measure's measure class is well defined and quasi-invariant. To see that it is well defined we show that if A = f A'y dv(y) is another decomposition of A over q and
To see these definitions of fibered skew product extensions are equivalent, by Theorems 1.2 and 1.3 we may suppose W is induced by a strict action a of 
Under this isomorphism, the action on X X h W corresponds to the action on X X S given by (x, s) . g = (x . g, s . hex, g)) which is clearly the action induced by h *a since
Our next result determines when the pull back of an action is ergodic. PROPOSITION 
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Since a restricted to Y h X K is ergodic, W(y) is a.e. conull or a.e. null. Thus Ex is a.e. conull or a.e. null. Thus h *a is an ergodic action.
Conversely, suppose that h*a = a 0 h is an ergodic action of X X G. Let
a.e. (y, k). By Proposition A.5 of the appendix, we may assume this holds for all y and k.
Since h*a is ergodic, Ex is null a.e. x or Ex is conull a.e. x. Thus , k)E(y . k) a.e. (y, k) , then E(y) = 0 a.e. y or E(y) = I a.e. y. That is there is no equivariant Borel field of proper closed subspaces.
The notion of a bundle representation of Y X K is similar to that of a cocycle representation except that it is defined over a Hilbert bundle over Y. Namely, let y ~ ~ be an Hilbert bundle over Y. A bundle representation is then a Borel map k1k 1 ) a.e. (y, kl' k2) . The definitions for equivalence and irreducibility are the same as for cocycle representations except that the maps y ~ A (y) are now Borel fields of bounded operators between the bundles. Moreover, since the action of K on (Y, v) is ergodic and every Hilbert bundle can be measurably trivialized, every bundle representation is equivalent to a cocycle representation.
Suppose (X, fL) is an ergodic G space and h is a homomorphism from X X G into Y X K. Then h induces a correspondence from the bundle representations of Y X K into those for X X G. Namely, if L is a bundle representation of Y X K on the bundle y ~~, then h*L is the bundle representation of X X G on the bundle , g)) . If H = G and <j>(x, g) = g, then p: X ~ Y is an extension and h*L is called the restriction of L to X X G. Since bundle representations are equivalent to cocycle representations, we shall in most instances consider only the latter. PROPOSITION PROPOSITION 
Let Ll and L2 be cocycle representations of
Y X K. Then h*L 1 '=' h*L 2
iff the restrictions of Ll and L2 to the Mackey range of h are equivalent.

Suppose h is a homomorphism from
X X G into Y X K. Let L be an irreducible cocycle representation of Y X K. Then h * L
The structure theorems.
In this section we shall give cohomological and representation theoretic characterizations of the actions and representations of X X G which are pull backs of actions and representations of Y X K under a homomorphism h from X X G into Y X K with dense range. We then use these results to obtain structure theorems for fibered skew product actions.
Suppose h = (p, CP) is the homomorphism. One can form the fibered skew G space X X h (Y X K) which is dearly isomorphic to the skew product G space X x</> K. The next result is the major tool of this section. PROPOSITION 
Let h be a homomorphism from the G space (X,}L) into the K space (Y, v) with dense range. Let b be a cocycle on X X G with values in a complete separable metric group M. Then a necessary and sufficient condition for b to be cohomologous to h*a for some cocycle a on Y X K with values in M is that bIXX~KXG be cohomologous to the identity cocycle.
PROOF. Suppose b = h*a. Set A(x, k) = a( p(x)k-\ k). Then A (x, k ) h *a (x, g) = A (x, k ) a ( p (x), cp (x, g)) = a(p(x )k-l, k )a( p(x), cp(x, g)) = a(p(x )k-l, kcp(x, g)) = a( p(x . g)(kcp(x, g)) -\ kcp(x, g)) = A«x,
k) . g).
Thus h *a restricted to X x</> K X G is cohomologous to the identity.
Conversely, suppose bIXX~KXG is cohomologo'Js to the identity. Then there exists a Borel functon A:
gives the ergodic decomposition of X x'" K X K, where the latter has action defined by (x, k1' k 2 ) . g = (x . g, k1CP(x, g), k 2 ). Thus there is a Borel function a on Y X K satisfying k )A(x, kl1k) -lA(x, kl1k )A(x, k 2 1 k 1 1 k)-1   = a(p(x )k-1 , k1)a(p(x )k-1k 1 , k 2 ) a.e. (X, k, k1' k2) . Q.E.D.
By Corollary A.8 of the appendix, we may redefine a on a set of measure 0 so that a is strictly multiplicative. Hence we have the following:
a is a cocycle on Y X K and
There is a Borel function B from X into M satisfying
PROOF. Define F(x, k) = A(x, k)-la(p(x)k-l, k). Then F is a Borel function and
F(x, h-1k) = A(x, h-1k) -la(p(x )k-1h, h-1k)
= A(x, k) -la(p(x )k-l, h )a(p(x )k-1h, h-1k) = A(x, k-1 )a(p(x )k-1 , k).
Thus there exists a Borel function
We finish the proof. By Lemma C we have In [17] Caroline Series defined the inverse image of the K-space Y under a cocycle </>: X X G ~ K having dense range to be the G space induced by </>*a where a is the action of K on Y. If </> were a homomorphism of G into K and Y = H \ K where H is a closed subgroup of K, then this induced space would be isomorphic to </> -1( H) \ G. The following proposition shows it would be appropriate to call the G space induced by h *a the inverse image under h of the K space induced by the Y X K action a on (S, m). This proposition is a generalization of Theorem 2.1 of [22] and Proposition 4.11 of [17] . PROPOSITION 
Suppose h is a homomorphism of the ergodic G space (X, JL) into the ergodic K space (Y, v) with dense range. Let a be an ergodic action of Y X K on (S, m). Suppose W is an extension of X induced by the action h*a. Then h 1wXG has
Mackey range the K space induced by a.
PROOF. We may assume W = X X S and (x, s) . g = (x . g, a(p(x), </>(x, g»-IS)
a.e. s a.e. (x, g ).
Let h = h 1wxG . Then hex, s, g) = (px, </>(x, g» a.e. (x, g). Thus W X K is isomorphic to X X S X K with action given by = F{x,s,k) a.e. s a.e. (k,x,g ). a(p(x)k-1,kr1s,k) .g a.e. s a.e. (k, x, g ). The following theorem is one of a series of theorems relating the spectral properties of the natural representation of an action or extension to the geometric structure of the action. The first significant result obtained along this line is the classical von Neumann-Halmos characterization [4] of transformations with pure point spectrum. To see this fits within the framework of the following theorem we consider a group G acting ergodically on a space (W, m) . Let L be the natural unitary representation of G associated with this action and suppose it is a direct sum of one-dimensional representations (pure point spectra). Then there is a unitary transformation U from L2(W, m) into EI1 Hi' a direct sum of one dimensional Hilbert spaces, with ULp-l = I:N where Ai are characters of G. Thus cp(g) = (A i (g)) is a homomorphism of G whose topological range closure is a compact abelian subgroup K of the unitary group of EI1 Hi'
.e. (x, k). Note
F(x. g,a(p{x),</>{x,g))-ls,k</>(x,g))
Thus ind~xG1IKx$G :::: I. The following theorem shows the G space W is a pull back of an ergodic and thus transitive K space Kj H. Thus W is a compact abelian group and the G action on W is given by translation composed with a homomorphism cp having dense range in W.
Similarly Zimmer's structure theorem (4.3 of [20] ) on extensions with relative spectrum is related to the following theorem and Theorem 2.1 of [3] .
Normal actions and normal ergodic extensions were defined in [20] and were characterized in [23 and 2] . They are defined in terms of the natural bundle representation and they too can be set in the context of the following theorem. THEOREM 
Let h = (p, cp) be a homomorphism between an ergodic G action on (X, /L) and an ergodic K action on (Y, v). Suppose h has dense range. Let (W, A) be an extension of (X, /L). Then W is isomorphic over X to an extension X X
Conversely, suppose (W, A) is an extension of (X, /L) and ind~~~lIXx$KXG is equivalent to the identity. We may assume W is induced by a strict action b of ' Since it is equivalent to the identity cocycle representation, there is a strongly Borel unitary operator valued function V on
Let LOO(S) be the von Neumann algebra of bounded multiplication operators on
By results from [1] , this is a Borel map into the space of von Neumann algebras ron L2(S), where the Borel structure on the space of r's is standard and the action (r, V) -> v-1 r v is Borel, V belonging to the unitary group of L 2(S). Furthermore, 
This implies the set W = {(y, V): V-?(y)V-1 = LOO(S)} is Borel and {y: (y, V)
Hence by redefining V' on a set of measure 0 and replacing V by V' we may assume (2.4a) and (2.4b)
By (2.4a), it follows there is a Borel function '1':
That is, bIXX"KXG is cohomologous to the identity. By Proposition 2.1, b is cohomologous to h*a for some strict action a of Y X K on (S, m) ,g)-1s ).
Since R1XX"KXG == /, there exists a strongly Borel function U on X X K satisfying (2.6) . (x, k, g ). Using the same argument as in the proof of Theorem 2.6, we may assume U(x, k)LOO(S)U(x, k)-l = LOO(S) for all (x, k) . This implies there is a Borel function 'Ir: Thus there is a function (x, k) >-- In particular (2.9)
Furthermore, the end of the proof of Proposition 2.1 shows 
e. s a.e. (x, k, g ). a(p(x )k-l , k rls, g) a.e. s a.e. (x, k, g ). s,g) a.e.(x,s,k,g ).
Thus wI Xx S x ¢ Kx G ~ I. Since h = (a h' i) 0 II' and II' has dense range by Proposition A.ll, we see by Corollary 2.2, that w' ~ (1I')*w". That Y h is the K space induced by a follows by Proposition 2.5. Q.E.D.
Appendix. The intent of this appendix is twofold. The first is to present the results necessary for the development of this paper. The second is to show that one can make strict all actions, equivariant maps, and homomorphisms with which we shall deal simultaneously. Our approach follows Ramsay [16] . The main tool is the following well-known selection theorem. In order to apply this selection theorem we need the following fact about analytic subsets of complete separable metric spaces. For a proof see Theorem 3.2 of [12] Define
The following propositions can be proved using an argument essentially the same as that used in Proposition A.S. Moreover they are essentially equivalent to Theorems 3 
